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The Cauchy problem for a first-order partial differential equation whose left-hand side is a homogeneous function of the vector
of derivatives, with the time derivative occurring additively, is considered. The boundary conditions are specified at the right
end of the time interval. The solution of a differential game over a fixed time interval with a terminal functional is reducible to
a problem of this type. The traditional difference method for constructing the solution of a boundary-value problem is not
applicable, because the generalized solution need not be smooth. A mathematical technique, based on methods of solving game
problems, is proposed. The resultant computational scheme, whose validity is established in three theorems, is based on a
rectangular space mesh and a subdivision of the time interval. Unlike the classical approach, the scheme uses not finite differences
but subdifferentials of the convex hulls of functions approximating the value function. Copyright © 1996 Elsevier Science Ltd.

There are several definitions of generalized solutions of the Hamilton-Jacobi equations [1-4] which,
though different in form, are essentially equivalent. These definitions are based on replacing the equation
by a pair of (differential) inequalities. This paper is based on constructions from the theory of positional
differential games |5, 6], which was developed by N. N. Krasovskii and his coworkers and combines
methods for solving a broad range of problems—from existence theorems to the design of numerical
algorithms. It should be noted that research in recent years, carried out using different approaches (see,
for example, [7-10]), was preceded by work of various authors in the 1950s and 1960s. This paper
continues the studizs in [1-6, 11—18].1

1. FORMULATION OF THE PROBLEM
Consider the Cauchy problem

i‘!- t,x)+h(t,x,Vw(t,x))=0 [Vw(t, x)= (i‘i t,x),..., 91 (t, x)D
ot d 1 axn

X

(1.1)
w(9,x)=0(x), t€[0,9), xeR"

where h(t, x, s) is the Hamiltonian.
The problem of approximating a generalized (min-max, viscosity) solution of problem (1.1) will be
studied in the context of the differential game (DG)
x=f@,xuv)=fli,xu+ [ x0) (1.2)
te[0,9], uePcR?, veQcR!

where x is the n-dimensional phase vector of the system, u and v are the vectors of controls of the first
and second players, respectively, and P and Q are compact sets. The Hamiltonian of the dynamical system
is

h(t,x,5) = min (s, f' 2
(t,x,5) ﬂg(s f (r,x,u))Hygg(s.f txv))
where (s, f) is the inner product of the vectors s and f.

tPrikl. Mat. Mekh. Vol. 60, No. 4, pp. 570-581, 1996.

567
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The right-hand side of system (1.2) satisfies the conditions for the existence, uniqueness and extendi-
bility of a solution. As the performance index of the DG we consider the terminal functional

Yx(-)) = 6(x(9)) (1.3)

where 6(-): R” = R is a function satisfying a local Lipschitz condition. The functionaly associates with the
actually realized motionx(-) = {x(t), 0 < ¢ < 9} of system (1.2) a number o(x(3))}—the payoff of the DG.

With the above conditions imposed on the right-hand side of system (1.2), a value function (¢, x) =
w(t, x): [0, 8] x R* = R of the DG (1.2), (1.3) exists, which is a generalized solution of problem (1.1).
The value function is the only function which, given the payoff (1.3), simultaneously satisfies the - and
v-stability properties. The property of u-stability (v-stability) means that the epigraph (hypograph) of
the value function is weakly invariant under a certain family of differential inclusions—the family of
characteristic inclusions for (1.1). Weakly invariant sets may be constructed using a stable absorption
operator (SAO) [14]. It should be noted here that there is some arbitrariness in the choice of the family
of characteristic inclusions, which will be used later in constructing the SAO.

The technique presented in this paper assumes the construction of the restriction of the function w
to a bounded set D C [0, 9] x R". This set will be chosen as a stable bridge in the conflict problem of
approach described by Eq. (1.2), with a set

M=0@GF)={xeR" |x-%|<#)

defined as a sphere of radius 7 with centre at a certain arbitrary point X, where 7 is a sufficiently large
positive number.

Definition 1. A multivalued mapping
t=>D@®CR", te]0,9]

is called a stable bridge in problem (1.2), (1.3) if D(%) C M, while its graph {(t,x) e RxR":t e [0, 9],
x € D(#)} is closed and weakly invariant under the differential inclusions
xe F(t,x,s) foranys e S,

Fit.x,s)={feF:(s.f)=h(t,x,s)}, F={feR"|fl<K)
where S, = {s € R™ || s || = 1} is the unit sphere and the constant K is chosen so that

K>2 sup Qll S, xuv) |l (1.4)

(t.x,u,v)eDxPx

with D a bounded set in [0, 9] x R", containing D.
Note that under the above restrictions on the right-hand side of Eq. (1.2), the family of multivalued
mappings generating D satisfies the following conditions

{(t,x) > F(t,x,5):5€ S,) (1.5)

Al. For any (¢, x,5) € D x S,., the set F(t, x, s} is convex, closed and satisfies the embedding relation
F(t,x,s) CF.
A2. For any (t,x,5) € D xS,

max min s, f)=h( x,5).
qES, IGF(I.X-V)< f) (t.x.5)

A3. Given the mapping (¢, x, s) = F(1, x, 5), a function 8 = & (8): R = R(®(8) — 0 exists (as § — 0)
such that

dist(F(ty, x,9), F(tp, y,s) < @ty -t + ] x=y )

for all (¢, x) and (5, y) in D and any s in S,,, where dist(Fy, F,) is the Hausdorff distance between sets
Fand F,.
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A4. A number Az € [0, +o0), exists such that, for any (¢, x) and (¢, y) € b and anyse S,
dist(F(z, x, 8), F(t, y. s)) = A [ x -y |l

One more fact needs to be mentioned. A continuous function w(-) is a value function for the DG
(1.2), (1.3) if and only if the set W = epi w (W = hypo w) is a stable bridge in the problem of approach
with target set M = ¢pi 6 (M = hypo o) being solved by the player implementing the control u (the
control v), for the extended system

x=f(t,xuv), %=0 (1.6)

Here epi 6 and hypo o are the epigraph and hypograph, respectively, of the function 6, ¥ € R.
It is obvious that rhis statement remains true when one considers the restriction of w to a stable
bridge D

w(:):D =R

In what follows, we shall refer to the problem of constructing the epigraph of the restriction to D of
w as Problem 1, and to that of constructing the hypograph of the restriction of w as Problem 2. As the
solutions of these two problems are approached in similar ways, we shall only describe the construction
for one of them, say Problem 1.

2. FAMILY OF FORMS OF A STABLE ABSORPTION OPERATOR
FOR THE EXTENDED SYSTEM

In this section we shall propose correct forms of SAOs for constructing the set W—the epigraph of
the restriction to D of the value function of the DG (1.2), (1.3); by “correct” here we mean “compatible
with the theorems of the theory of DGs”. We will consider a collection of families of multivalued
mappings and investigate the properties of the families. It will be shown that each representative of
the collection induces a SAO. This will enable us to pick out a set of forms of SAOs, each of which
solves Problem 1.

We introduce the following notation

z=(x,%), X€R", yxeR
ft.zouw )= (f(t, x,u,v),0), f(t,x,uv)eR", OeR

If Q C R" x R, then pr Q denotes the orthogonal projection of Q onto R".
Let us consider a DG for the extended dynamical system (1.6)

i=f(t,z,uv), zeR™, 1€(0,8), ueP, veQ 2.1)
We will take as the objective set
M = epi Gp(o) (22)
i.e. the epigraph of the restriction of the payoff function to the set D(-).

A stable bridge W for the approach problem (1.2), (1.3) will accomplish the solution of Problem 1.
The Hamiltonian of system (2.1) is given by

H(t,z,1) = min max ( l,f’(t,z,u,u )), leR™
ueP veQ

The symbol S, ., will denote the set of vectors {/ € RL 1),
Construct the direct product of the sets F and the interval [—, ]

FC=Fx[-—<,c], ce€[0,+)

Define in (¢, z)-space a domain D* that contains W a priori: D* = b xR.
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Let us consider a collection of families of multivalued mappings, parametrized by the values of ¢ €
[0, +)

{(th2)=> FE(t,2,0): €8, ) (2.3)

(.2)eD°, Fi(t,z,l)={f e F°: (I,f)= H(t,z,1)}

If the family of mappings (1.5) satisfies conditions A1-Ad, then any family of mappings in the collection
(2.3) will satisfy analogous conditions, namely, the following conditions A1-A4.

Al. For any ¢ = 0 and any (¢, z, /) € D* x §,,,, the set F°(t, z, I) is convex, closed and satisfies the
embedding relation F(t, z, [) C F.

A2 Foranyc =0andany (t,2,]) € D* x S,4,

max min I,fY=H(t,z1)=h@,prz,prl
[nax km“)( fry=H,z,0)=h(t,prz,prl)

A3. For any ¢ = 0, given the mapping (¢, z, /) = F°(t, z, I), a constant v(c) exists such that

dist(F< (4, 2,1), FS (13, 2, 0) < v(©)@(| ty =1, + 1l prz—prz’|))

for all (#1z) and (#,2”) in D* and any / in S,41.
Ad4. For any ¢ = 0, a constant A = A(c) € (0, +eo) exists such that, for any (t, z) and (¢, 2’) € D*, and
anyle Sp4y

dist(F°(t,z.0), FC (4,2, )) < A|jprz—prZ’ ||

We know [17] that any family of mappings satisfying conditions A1-A4 induces a SAO for the
corresponding approach problem. In the present case, all such families of mappings are treated as a
single collection, each being singled out by the value of the non-negative parameter c.

Definition 2. A stable absorption operator
n (., )0t <t"<9)

for problem (2.1), (2.2) is a mapping

B = nc(t.vt., B): ZR"” = zw'
given by the relationship

(2 B)={z. e R"™ " BNZ(t" 10, 2..1)# 0

for all / € S,,,, where Z°(t*; t,, z,, I) is the set of all points in R**! for which, at time ¢, one obtains
solutions z(t) (t, <t < t*, z(t,) = z,) of the differential inclusion

e F'(,z10), les,,,

Definition 3. A set W C D* is called a stable bridge in Problem 1 of approach to a closed target M
C R™*!js the following conditions hold

1. W(6) CD.

2. W(@,) C m°(e,, t*, W(t*)) for allt,, t*(0 < ¢, <t* < 9).

Thus, we have described a family B = T(t,, *, B): 2%+ = 2%=+1 of forms of SAOs, each of which
may be included in order to construct epi wp.

3. APPROXIMATIONS OF A STABLE ABSORPTION OPERATOR FOR
THE EXTENDED SYSTEM

Following the earlier approach [12], we shall define the notion of an approximating form of a stable
absorption operator for Problem 1.
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Definition 4. An approximating form of a stable absorption operator #°(t,,t*,) (¢ = 0;0 <¢, <¢*
< 9) for Problem 1 is a mapping B = ®°(t,, *, B): 2%+ = 2f**1 given by

Rt 1" B)={z. e RV : BN ZF(1°31,,2.)# 0
forallle S,,}, where VA (1% 84, 2,) = 2, + (t* =t IF(t,, 24, ).

LetT = {0,¢,,...,ty = O} be a partition of the interval [0, 8].
We will now define a system of sets that approximates a maximum stable bridge W in Problem 1.

Definition 5. An approximating system of sets in Problem 1 is a collection of sets {W*(t;) C R**!: ¢,
€ T’} such that

WC(‘N) = Mz(N.c)
We(t) =Rt W), i=N-1..0

where ¢ = 0 and B, is a closed e-neighbourhood of the set B
B, ={beR"*': minp(a,b)=<¢)
aeB
p(a,by=max{l a,-b;l: i=1,.,n+1)
The number (N, c) is found from the recurrent relations

ei+1,c)=Av()D(A;(1+K)+(1+ XAi)e(i.c)

A=t -1, €0,c)=0
where K is the constant in condition (1.4), & () is the function from condition A3, A = A(c) is the constant
from condition A4, and v(c) is the constant from condition A3.

We now define the limit of an approximating system of sets.

Consider a sequence {I':j = 1,2, ... } of partitions of the interval [0, 8] whose diameters A; = max;
-1 =1,. ...,N(ji—l)tendtozero asj — +eo,

Definition 6. Let W denote the set of points (f,, z,) € D* for which a sequence
{(t;,2;): t; =1;(8)€[0,8], z; € W(z)), j]_ig\. zj =2}

exists, where

min t,'.f. <
'](t.)': (r,el‘j. ‘i)“)

ey t, =9
The set W* will be called the limit of the approximating system {Wf(t,-): eTj}asj— +eo.

Theorem 1. If the mapping (1,z,1) = F°(t,z,1) (c = 0) ((t, z,]) € D* X S, ;) satisfies conditions A1-A4,
the set W¢ is the maximum stable bridge W for Problem 1.
The proof of Theorem 1 is similar to the proof of the convergence of the constructions of [12].

4. STEP OPERATOR

We will now enumerate some properties of approximating forms of SAOs over a single step of the
partition of the time interval. Before we describe them, a few facts should be pointed out. The value
function of the DG is constructed using difference procedures. In our case difference procedures require
that we know how to find such increments as dw(t, x) = w(t + A, x) — w(t,x), where t € [0,9),A > 0,¢
+ A € [0, 8], x e D(t) N D(t + A), to a satisfactory accuracy.

Note that not every form n° (¢ € [0, +0)) of a SAO is suitable for that purpose. Thus, a form n° of
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a SAO with ¢ = 0 “propagates” its action along the solution levels. This means that, using n°, a
representation of the value function is formed by constructing its level sets, for which one has to solve
equations for y of the form w(t + A, x) — w(t, y) = 0, where w(t + A, x) = const. Below, in particular,
it will be shown that for sufficiently large values of the parameter c, estimating the rate of change of
the value function, the corresponding approximating forms of the SAO enable one approximately to
compute increments of the form dw(z, x). In such situations the forms of the operator act in an equivalent
manner and permit the use of locally convex hulls.
We now define a conical set in (¢, x)-space

D={(t,x)e[0,9]XR": te[ty, 8], xe(X+(t-1y)F)
t, = max{0,9 - 7/ K}.

The constructions imply the following properties _

1. D is strongly invarjant with respect to the inclusion % € F; consequently, D C D.

2. The section D(t) o Dateachtimetisa sphere with centre atX and radiusr = r(¢) =7 — (3 -1)K.

The constructions described below, which are involved in the study of properties of the family of forms
{7°(:), ¢ = 0} of a SAQ, are considered “above” the set D.

Definition 7. Let t € [tg, 8), let A > 0 be a number such that (t + A) € [, 8], and let ¢ = 0. The step
operator %,(-) is the mapping 2% = 2Rn+1 defined by

nS(B)={z. € R™': BAZ°(t+4; 1,2,,1)#0 VieS,,}

where BC R, Z°(t + A; 1,2, 1) = z, + AF°(t, z,, ]).

We will now characterize the properties of the step operates n%. Throughout, the choice of the
numbers ¢ and A is governed by the conditiont + A< ¢ .

We shall say that a set Q@ C R**! is upper stable [19] if the inclusion (x, u,) € Q implies the inclusion
(x, n,) € Q, where p* > p,.

Property 1. Assume that ¢ € [0, +<o), the function ¢ is defined and bounded in the set D(t + A). Then
the set n%(epi @) is non-empty and upper stable.

Upper stable sets generate functions that are defined by applying the operation inf to an appropriate
set of numbers

W4 (x) = inf(y:(x,x) € na(epig). xe D)), c¢=0

Thus, the operators 3 map epigraphs of functions into sets that may be treated as epigraphs of functions.

Property 2. Assume that ¢ = 0 and that the function ¢ is defined and continuous in the set D(t + A).
Then, for any point x € D(t), a pointy € O(x, KA) exists such that

00 = YA (0).

Property 3. Assume that ¢ > 0 and that the function ¢: D(t + A) = R satisfies a Lipschitz condition
with constant A = A(D(¢ + A)). Then, for any pointx € D(z)

| ws(x)-@(y)| <2AKA  VyeO(x,KA)

We now formulate conditions under which the step operators in the set {n;, ¢ = 0} act in an equivalent
manner, in the sense that they generate identically equal functions.
We recall the definition of the convex hull of a function [20].

Definition 8. Let ¢ be a function defined in the set D(t + A) in R”. Consider the restriction Pog, KA)
of ¢ to the sphere O(x, KA),x € D(t). Then co ¢ will denote the locally convex hull (LCH) of the function

Po(x, k8)

a+l .
co(p(y):inf{z a,0(y"): a; 20, i=1,..,n+];

i=l
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a+l n+l (M)
Yo =1 3 oy?=y y?eo(x,Ka)
ix] i=)

We emphasize that the LCH of a function ¢ depends on two parameters: a point x € D(f) and a number
KA—the radius of a sphere with centre atx. For brevity we have not identified these parameters in the
notation for LCHs.

The theorem formulated next uses known corollaries [12] of conditions A1-A4, properties 1-3, the
definition of LCH and separation theorems from convex analysis. We first define the function y5(-):
D(t)=>R,c=0

Ya(x)=inf{y: (x,%) € mL(epi cOPp(z xa))}

Theorem 2. If ¢: D(t + A) = R is a function satisfying a Lipschitz condition with constant A, x € D
(#), then, for any ¢ = 2AK and any sufficiently small number A > 0

R (i Po(x ka)) = 4 (epi cOP) = M} (epi coP)

The theorem states, in particular, that for any ¢ = 2AK

Vi (X) =5 (x) =V (x), xeD()

5. FORMULAE OF THE DIFFERENCE CALCULUS

In this section we will translate the preceding description of functions constructed using step operators
on sections of a strongly invariant set D from set-theoretic language into the language of analytic
formulae. Thus, with the assumptions of Theorem 2, the functions y%(-): D(t) = R are identical. One
them has the representation

yi(x)=max min c0(p(x+Af), xeD@), ¢=2AK (5.1)
seS, feF(t.x

The proof of this equality relies on the deﬁnition of step operators, on the families of mappings (1.5)
and (2.3), and on condition A2.

We will need some properties of the max-min of the LCH of a function ¢. For this purpose we define
sets

F@x)= {fmeF max min c0(p(x+Af)=c0(p(x+Afcx,)}, (t.x)e D
se8, feF(1.x.5)

Let K, be a constant such that
max | f(t, x,uv)|sKy<K/2
(t.up )ef1g,0]1xPxQ
Property 4
F,(t,x)N0(0,Ky)#0, V(t,x)eD (5.2)

This relation indicates that the max-min of the LCH of a function ¢ is attained in the interior of the
domain of definition of the LCH. Formula (5.2) enables us to derive yet another equivalent
representation for functions y%, with ¢ = 2AK| and also to establish that the max-min of the LCH of
¢ is Lipschitz continuous.

__ Propenty 5. If the function @(-): D(t) = R satisfies the conditions of Theorem 2, the functions 5 (-):
D(t) = R, where ¢ = 2AK, may be constructed using the formula

ya(x)= ye(;?xalx(QA) ‘E;rc\oa:(v) (ARGt x,8) + {5, x—y Y+co@(y)}, xeD() (5.3)
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where
9coP(y) ={s € R": co@(y")-co@(y)=(s5,y" -y)

for any y* in O(x, KA) is the subdifferential of the LCH of ¢ defined at a point y, where y € O(x, KpA).

The derivation of formula (5.3) uses techniques from convex analysis, relying on a criterion for a
convex function to have a minimum subject to convex constraints [19]; it also uses the definition of the
family (1.5). Note that representation (5.3) may be established using formulae for small displacements
(see, for example, [16]).

Property 6. Let the function ¢: D(f + A) = R satisfy a Lipschitz condition with constant A¢- Then,
for any ¢ = 24K, the function y: D(t) = R satisfies a Lipschitz condition with constant A,(1 + AAg(1

+ 3K))
Ly () -wa] <A 1+ AR (1+3K)] x -y

x € D(t),y € D(t), and A is the constant from condition A4,

Let us consider the functions generated by the step operators 73, ¢ = 0. Let " = {tg, 1y, ..., 2y = 9}
be a partition of the interval [z, 0], and let @(-): D(¥) = R satisfy a Lipschitz condition with constant
A Consider the functions corresponding to this partition

N —
veery ¢ D@)=R c=0 (5.4)
i=1
according to the recurrence relations

ve(8,x)=0(x), xeD(®)
Yo, x) =inf{y: (x,x)enf,i(epiw‘(;m,.), xeB(t,.)}
(A; =t -1, i=N-1, N=2,...,0)

We also define the successive max—min operator of the LCH. To that end we put

Gg(t,A,9)(x)=max min co(p(x+4f), x€D(1)

seS, feF(t,x,

and let ®(X) denote the set of all functions considered on a set X.

Definition 9. LetT" = {t, t,, ..., ty = 9} be a partition of the interval [, 8] and ¢ an arbitrary function
deﬁncd on D(9). The successive max-min operator (SMO) is the operator G(T', ¢): ®(D(8)) = @
(UY_ 1 (0, D)), t; € T defined by the relations

Gty 9Xx)=9(x), x€D(®), G(ti....t1y. 9)x) =
=Gg(t;, A, Gg(t;s). Aio1 (. Gylty_, Ay, @).. DXNX),  x€D(), i=N-1...0 (5.5)

Properties 46 imply the following lemma.

Lemma. Let the function ¢: D(8) = R satisfy a Lipschitz condition with constant Ay Then, for any
partition " of the interval [to, 8] and any values of the parameter ¢ = 2Aqexp(A(3K + 1)(8 - £()), the
functions (5.4) corresponding to these parameter values are equal to one another and are identical with
the function generated by the SMO

VE(t;, x) = Gy(t; A Gptiny, Bis1s (..Galtn_1, A1, 9).. N)(x) xe€D(;), t; el

Theorems 1 and 2 and the lemma imply that a SMO approximates the solution of the Cauchy problem

(1.1), (1.2).

Theorem 3. Assume that the function o(-): D(8) = R satisfies a Lipschitz condition with constant A,
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the family of multivalued mappings {(t,x) = F(t, x, s): s € S,,} satisfies conditions A1-Ad, and T = {t,,
ts, ..., ty = O} is a partition of the interval [t,, 9] such that diam I’ = max; {| t;4, - :i=0,...,N}
—0asN = +oo,

Then

| w(t;,x) = Gg(t; s 8;(...Ggtn_1, By1 0. Xx)| =0, xeD(), 1, el
asdiamI' - 0.

Remark 1. Similarly, when solving Problem 2, one constructs a successive min-max operator, G*(T,
9): (D(9)) = ®(UT - (t;, D(t)), t; € T, defined by
G (1y.9)x)=9(x), xeD(V)

Gty N @) X) =Gy (1;,8; Gy (tin1, Biay (...Cylty 1. AN -1, 9)--. D(x)
xeD(). i=N-1,..,0

YA N X)= i conc X y X D !

The family of multivalued mappings {(f, x) = F, (¢, x,5): s € S,}, where F (¢, x,5) = {fe F: (s,f) =
h(t, x, 5)}, satisfies conditions analogous to A1-A4. The locally concave hull is defined by conc @(-) =
—o(-¢())-

Remark 2. With additional assumptions (see [17, 18]), it can be shown that the operators G and G*
converge at a rate proportional to the square root of the diameter diam I" of I.

6. THE COMPUTATION SCHEME. EXAMPLES

_ The basis of the computation scheme, implemented for the case of two space dimensions, consist of an operator
D which is a finite-difference analogue of the operator G, considered over a uniform partition ' = {£g, #;,...,1x
= 8} of an interval [ty, 8] of mesh-size A. The sets D (1;), ¢; € T, are considered with rectangular meshes D(¢,, ct,
B) of mesh-size o > 0 in the variable x, and mesh-size § in the variable x;

D(,0.B) = (x(k.d) € D(t;,) < R?: x(k,d) =3 +0k

k=%1,%£2,...; xp(k,d)=%y+pd, d=1=1,12, ..}

The operator

N —
G(r.ox 0(5(0,a.B))=0(U (ti.D(t,-.a,B))). L el
i=}
is defined by

a(tN,(p)(x) =¢(x), x€ 5('0.(1.3)
G itirnty ONx) = Gy (1, .G g (111, A (.G 1y A, ))..))(x)

6 ’A' k'd = i ] ) ’ ’ -
3 (4, 8,9)(x(k,d)) y-O(xr(,l‘::).KoA) ua'?oa:(,) {Ah(t;, x(k,d),s)+(s,x(k.d)-y)}+

+co@(y)), x(k.d)eD(t;,a,B), i=N-1,..,0

where Gy is a piecewise-linear approximation of Gp. In the event that the Hamiltonian is a piecewise-linear function
and the function ¢ is defined on the mesh, the value of the operator Gg is computed as a successive maximum
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Gp(t;,A,9)(x(k.d))= max max max {Ah, (;, x(k,d),s)+
x(j.m) p s

+ (5, x(k,d) - x(j,m) )+ cop(x(j, m))}

The maximization is carried out successively over the points x(j, m) € O(x(k, d), AKy; over the numbers p defining
the “pasting” function h, (¢, x(k, d), 5) = (&, x(k, d), 5), when s lies in the linearity cone L,(#, x(k, d)) of the
Hamiltonian with respect to s; and over the subgradient s of the linearity sets L,(#;, x(k, d) x(j, m)) = L,(t;, x(k, d))
N dco p(x(j, m)) of the operator G p with respect to the variable s.

In numerical simulation, the construction of the convex hull of a function defined only at the nodes of a rectangular
mesh presents the greatest difficuity. Here we appeal to the “gift-wrapping” algorithm developed for this case. To
implement this algorithm one constructs a partition of the set of points of the graph of a function, when the latter
is defined by tabular values, into disjoint subsets which can be convexified by elementary means (such as the method
known as “Graham’s scan”). The main part of the algorithm is a procedure for constructing the convexification
of the union of two disjoint convex hulls. The procedure searches for a supporting edge and then implements one
run of “gift-wrapping”—the successive construction of the facets of the convexification of the two convex hulls.
The structure of the representation of the convex hull is a list of edges with dual bonds, which permits a fairly
simple construction of the subdifferential of the convex hull. The intersections of the subdifferentials with the
linearity cones of the Hamiltonian are constructed by solving a system of linear inequalities.

Example 1. (Test example [13].) Consider the Cauchy problem

M o,
o *ox

ow

.

9w
aX2

w(2,x)=max{| x|, | x|} 1€(0.2)

The numerical modelling is carried out at the point £ = (0, 0) at a time ¢ = 0.58578. The point X lies on the
intersection of singular curves of the function w(t, ). We know that w(t, £) = 0.58578. The parameters of the
computation scheme and the corresponding approximate values w, of the solution at the point (¢, ) are listed below

1)A=028, a=029, B=0.14, w, =068
2A=014, a=029, B=0.14, w,=0.66
3)A=009, a=024, B=0.09, w,=0.65

Example 2. Consider a mathematical model of the control of the motion of a pendulum in a viscous
medium

“i’l = X2, iz =—sinx| —uxy +v

wherze te 01,,2 0.075], the “viscosity” is v € [0, 1], the control is such that u € [-1, 1], and the payoff function is o(x)
= @} +13)12

No analytic solution of this problem is known. The results may be compared with those of a computation based
on a different technique [14), which works by approximating level sets of the solution. Here we list the points (¢,
X) at which the computation was performed, the parameters of the computation scheme and the corresponding
approximate values w, of the solution, as well as the approximate values w obtained by constructing level sets of
the solution

1. the point (¢, £) = (0, 0.856, 0.755), for which w = 1
A=015 a=02 B=03, w,=105
A=0075, a=0.15, B=0.15, w,=101
2. the point (t, £) = (0, =1.05586, -0.36266), for which # = 1

A=0.15 a=02, P=03, w,=104
A=0075, a=01, B=0.5 w,=10l
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Example 3. Consider the Cauchy problem

%!:’-+sinx2 3—:—exp(-x,2 - x%)min {0, i—:}— %

w(0.5.x)=(x{ +x2 +0.81)2 —3.24x? -1, 1€[0; 0.5)

The exact solution is unknown. As in Example 2, we list the points (¢, £ ) at which the computation is carried
out, the parameters of the computation scheme and the corresponding values w, of the solution, as well as the
approximate values W obtained by constructing level sets of the solution

©

Nowae

@x®©

10.
11.
12,

13.
. TARASYEV A. M., USHAKOV V. N. and KHRIPUNOV A. P, On a computation algorithm for solving game problems of

15.
16.

17.

18.

1. the point (¢, £) = (0, -0.551, —0.859), for whichw = 0

A=005. a=005 B=0l1 w,=009
A=0025, a=0025, B=0l. w,=004
A=002, a=002, B=004, w,=003

2. the point (1, £) = (0, 1.465, -0.082), for which # = 0

A=005, =005, B=0.1, w,=0.14
A=0025 «=0025 B=005 w,=009
A=002, a=002, PB=004, w,=0

a =
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